We study finite elation Laguerre planes with a group of automorphisms fixing a generator and acting two-transitively on the set of remaining generators. For odd order, this assumption characterizes the Miquelian Laguerre planes, but there are non-Miquelian examples if the order is even.
Introduction
Laguerre planes generalize the geometry of non-trivial plane intersections of a cone over some oval in a projective plane; these intersections are referred to as circles. If the circles of a Laguerre plane are indeed obtained in this way then the Laguerre plane is called ovoidal. Miquel's theorem holds in the (essentially unique) ovoidal Laguerre plane over an oval quadric in the plane over a field F . Conversely, the class of such Laguerre planes is characterized by Miquel's theorem, and these planes are called Miquelian (or classical).
All finite Laguerre planes known to date are ovoidal; they are even Miquelian if their order is odd. However, it is not clear whether this state of knowledge is due only to the fact that appropriate constructions have not yet been found. Elation Laguerre planes (as introduced in [37] and [29] , see Section 1 below) appear to play a role similar to translation planes among the projective planes. Several constructions are known of (infinite) non-Miquelian elation Laguerre planes.
It has been shown in [34] and [35] that every finite elation Laguerre plane with a group of automorphisms acting two-transitively on the set of generators is Miquelian. A similar result (under weaker geometric assumptions, but for non-solvable groups only) has been obtained in [2] . In the present paper, we consider a finite elation Laguerre plane L of order q, and assume that there exists a group of automorphisms fixing one generator [∞] and acting two-transitively on the set of generators different from [∞] . This is equivalent to the existence of a subgroup Γ ≤ Aut(L ) that fixes some incident point-circle pair (∞, K ) and acts two-transitively on H := K {∞}. Such a situation can be found in each Miquelian Laguerre plane; there are also some non-Miquelian examples (see Section 6 below). For odd q, we then show that L is the Miquelian Laguerre plane over F q . If q is even then L is a translation Laguerre plane (in the sense of [12] ), and the derived affine plane A ∞ at ∞ is a plane over a generalized twisted field if q = 2 6 . If A ∞ is Desarguesian then L is ovoidal over a translation oval, and known explicitly. In particular, this is the case when q = 2 e and e is a prime or a square of a prime. In Section 1 we collect basic facts we need on finite elation Laguerre planes and their automorphisms. The next section deals with the socle of the two-transitive group G induced by Γ on H and excludes non-abelian socles, so G is of affine type. As the crucial step for the main result we show in Section 3 that the projective closure of A ∞ has Lenz type at least V and thus can be coordinatized over a semifield. The following Section 4 examines the case of odd order; we find sufficiently many shift groups to secure that the affine plane A ∞ is Desarguesian (whence L is Miquelian). In Section 5 we show that the stabilizer G o of a point o ∈ H is isomorphic to a subgroup of PΓL (1, q) . The last section discusses the case of even order and completely determines the Laguerre planes when A ∞ is Desarguesian. ([7] , [26] , [29] , [30] , [31] , [34] ). Let L be an elation Laguerre plane of finite order q, with elation group E . We consider a point x and the derived projective plane P x .
Theorem

The projective plane P x is a dual translation plane; the translation center is the point ω at infinity of vertical lines (induced by generators of the Laguerre plane)
, and E x induces the full dual translation group. Furthermore E x acts trivially on [x].
2.
The order q is a prime power, say q = r e with a prime r and some integer e. 
If q is a prime then
If σ is an involution, then one of the following holds.
(a) σ fixes every point on C ; then q is odd, and σ induces an axial involution on A x , for each x ∈ C .
(b)
The order q is a square and σ fixes precisely 1 + q points on C ; then σ induces a Baer involution on A x , for each fixed point x on C .
(c) σ fixes at most two points on C . If there is a fixed point x on C then σ induces an axial involution on P x .
If L is an elation Laguerre plane and σ acts as an involution on C fixing more than two points on C (but not all of them), then q is a square.
Proof. The claims in assertion 1 are proved in [35, 2.2] . Now assume that σ induces an involution on C , and that σ fixes more than two points on C . Let ∞ be one of the fixed points. Then σ induces a collineation σ of the dual of the derived projective plane P ∞ , and σ fixes at least three points on the translation axis (corresponding to generators through the fixed points on C ) of that translation plane. As σ induces an involution on the translation axis, the order q must be a square by [9, Theorem 2] .
Involutions fixing a circle but no point on it occur, for instance, in Miquelian planes of order q ≡ 3 (mod 4) (because then PSL(2, q) contains involutions fixing no point of the projective line). Involutions of the kind discussed in 1.3.1(a) are well understood in elation Laguerre planes: In particular, if ∆ C contains an involution then that involution is uniquely determined by C , and centralized by the stabilizer of C in Aut(L ). Proof. Axiom (C): Each circle in C S intersects each generator in G S in precisely one point which also belongs to P S . Axiom (J): Any three points in P S no two of which are on the same generator are joined by a unique circle which then belongs to C S . Axiom (G): Let n + 1 be the number of generators in G S . Our assumptions secure n ≥ 3. For any three generators in G S , take their intersections x, y, and z, respectively, with some fixed circle C ∈ C S . Each circle touching C in z meets both [x] and [y], and we obtain a bijection from [x]∩P S onto [y] ∩ P S . Therefore, the number m of fixed points on a fixed generator is constant, and m ≥ 3.
Choose a fourth point w ∈ ([x] {x}) ∩ P S . If v ∈ P S ∩ C and v = x, y, then the circle through w, y and v is fixed by S and so is its intersection with [z] . Furthermore, the circle through w that touches C at y is fixed by S and so is its intersection with [z] . All these points of intersection are mutually distinct so that m ≥ n.
We can form m circles through w, y and one of the fixed points on [z] . One of these touches C in y, but each of the other m − 1 circles has a second point u w = x, y in common with C . But then u w is also fixed. In this way we obtain m +1 ≥ n +1 fixed points on C , and m = n follows. Thus Axiom (G) is established, and L S is a Laguerre plane (of order m), as claimed.
There do exist involutions on Laguerre planes fixing two circles but moving their intersection points:
1.7 Example. Let α denote the generator of the Galois group Gal(F s 2 /F s ). Then γ given in affine coordinates by γ(x, y) = (α(x), α(y)) is an involutory automorphism of the Miquelian Laguerre plane M (s 2 ) of order s 2 .
The traces of circles of M (s 2 ) are just the graphs of polynomials of degree at most two over F s 2 .
Such a circle is fixed by γ precisely if the polynomial has coefficients in F s .
Let f (x) ∈ F s [x] be a quadratic irreducible polynomial over F s , and let C be the circle of M (s 2 )
whose trace is the graph of f . So both C and the circle X with trace {(x, 0) | x ∈ F s 2 } are fixed by γ. However, the two points in C ∩ X are interchanged by γ; in fact, the intersection consists of the two solutions of f (x) = 0 in F s 2 F s .
The following straightforward result (see [24, Lemma 19.3] ) will be helpful. then there is a bijection from g onto Fix C (α) mapping x ∈ g to the circle C x through the points x, α(x) and α 2 (x). Since α has order 3, it follows that C x ∩C y consists of fixed points of α for all x = y.
. Let x, y, z ∈ g be three distinct points and assume that C x ∩C y = {a, b}. Suppose that C x ∩C z = {a}. Then C x , C y , C z induce lines of the derived affine plane A a . But C x and C z are parallel in A a whereas C x and C y are not. Hence C y and C z intersect in an affine point s not on [o] , leading to the contradiction that s and thus [s] are fixed by α. Now suppose that both C x ∩ C z and C y ∩ C z are empty. We consider the derived projective plane P a . In this plane α induces a collineation, C x and C y induce nonparallel lines and C z induces an oval that has C x and C y as exterior lines. The oval has a unique tangent at C z ∩ [b]. This tangent is fixed by α and so are its points of intersection with C x and C y . At least one of these points of intersection is an affine point not on [b] and we have again a contradiction.
This shows that Proof. We keep the notation from the proof of Lemma 1.9. Let x, y, z ∈ g be three distinct points. By Lemma 1.9 we may assume the circles C x , C y , C z pairwise intersect in at most one point.
Assume that C x and C y touch in a point, then this point is on
. Since C z does not pass through a, it induces an oval in P a . Furthermore, C x induces a tangent to this oval. Since L has even order, the oval has a knot k which lies on the line at infinity because that line is a tangent. Since C x and C y induce parallel lines, C y induces another tangent. Thus C y and C z intersect in an affine point not on [o] -a contradiction. Now suppose that both C x ∩ C z = and C y ∩ C z are empty. As before C z induces in P a an oval that now has C x and C y as exterior lines. Moreover, C x and C y do not pass through the knot of the oval. The unique tangent to the oval at C z ∩ [o] therefore meets C x and C y in affine points -a contradiction.
This shows that C x ∩C z = C y ∩C z = C x ∩C y = {a}. Hence Fix C (α) consists of the bundle of circles touching at a if it contains two circles in this bundle.
Finally assume that C x ∩ C y is empty. The previous case and Lemma 1.9 show that then also C 
The regular normal subgroup
The socle of a finite group is defined as the (characteristic) subgroup generated by all minimal normal subgroups. By a theorem due to Burnside (see [4, Ch. X, Thm. XIII, p. 202]) the socle M of the two-transitive group G induced by Γ on H is transitive on H , and either simple or elementary abelian.
If M is simple, we letM denote the stationary term in the commutator series of the pre-image of M under the quotient map from Γ onto G. ThenM is a perfect central extension of M and the center ofM is a quotient of the Schur multiplier of M (cf. [35, 3.3] ).
The classification of finite simple groups yields a list of the possibilities for a simple socle, see Table 1 . This list is adapted from [5] and [21] ; note that A q for q = 5 also occurs in the guise of
We have modified the names for the parameters to avoid confusion with our fixed meaning for q. Also, we use the order f 2 of the quadratic extension field for the unitary groups. Proof. Elation Laguerre planes of order at most 9 are ovoidal (1.1.3, see [7] ), and the stabilizer of any point-circle flag is solvable (see 1.2). As A q is not solvable for q > 4, we may assume q > 9 here. Therefore, the Schur multiplier of A q is cyclic of order 2 (cf. [1, (33.15) ]). IfM contains a central involution acting trivially on H then q is odd and this central involution is the unique reflection ζ at K , see 1.4. In order to avoid a case distinction, we consider the group Ψ = 〈ζ〉M , where ζ := id if q is even. The stabilizer Ψ o of a point o ∈ H contains ζ and induces a group isomorphic to A q−1 on H . Therefore, it is a group of order (q − 1)! = |S q−1 | but not isomorphic to S q−1 . The action of Ψ o on the q − 1 points of [o] {o} is thus not faithful. The kernel Ξ of this action does not contain ζ, and restriction to H gives an injective homomorphism onto a normal subgroup of A q−1 . The latter is simple, and Ξ ∼ = A q−1 follows.
The subgroup Ξ ∼ = A q−1 of Ψ acts in the usual way on the q − 1 points of H {o}, and therefore contains involutions that fix q − 4 points of H . These involutions must be Baer involutions of the affine plane A ∞ , and we obtain the equation (q −4) 2 = q. As this equation has no integer solutions, we have reached a contradiction.
Lemma. If q > 3 then the socle M is not isomorphic to PSL(d , f ).
Proof. Aiming at a contradiction, we assume
If d = 2 then we know from 1.8 that either r = 2 and f = 2 m −1 is a Mersenne prime (with odd m), or e = 1 and q = r = f + 1 is a Fermat prime, or q = 9. For q = 9 or q prime we know that L is Miquelian, and M is embedded in a two-point stabilizer in PΓL(2, q). Then solvability of that stabilizer (see 1.2) implies q ≤ 3.
Assume that f = 2 m − 1 is a Mersenne prime. Then m is odd, and f ≡ 1 (mod 4). Therefore, each involution in PSL(2, f ) fixes two points in H and then three points in K . Applying 1.3.2 we find that the order q = f + 1 = 2 m must be a square, contradicting the fact that m is odd.
It remains to treat the cases where d ≥ 3. If f is odd then the Schur multiplier of PSL(d , f ) has order 2 (see [18, 25.7] , cf. 
follows, leading to the contradiction f ≡ 0 (mod 2 f ). The groups
, (4, 2)} have their two-transitive actions on 21 and 15 points, respectively. These are not prime powers, and cannot be orders of elation Laguerre planes.
Theorem. The socle of G is abelian.
Proof. We have to discuss the entries of 
Semifield planes
Before we prove the main result of this section, we establish a result needed in the proof of 3.2 below. There are more cases of two-transitive groups of affine type to be studied in Section 5 below, but we need this particular case for the proof of 3.2. Afterwards, we will use 3.2 (via its corollary 3.3) in order to exclude several cases in Section 5. follows. Thus S ∼ = SL(2, f ) = Sp(2, f ). We further assume f > 2 and consider a Sylow 2-subgroup T of the pre-image π −1 (S). Since ∆ K has odd order, the image π(T ) ∼ = T is a Sylow 2-subgroup of S, and has order f ≥ 4. Now T fixes precisely f +1 generators of L , and fixes at least 2 points on each such generator. The collection of fixed points, fixed circles and fixed generators forms a Laguerre plane L T of order f , cf. 1.6. Thus T fixes f 3 circles.
Consider x ∈ K P T . Since f 3 > f 2 = q, there must be at least two distinct circles of L T that intersect [x] in the same point w. The intersection of these two circles is a set {w, w } of size at most 2, and invariant under T . Hence the stabilizer T w has order at least f 2 ≥ 2. Thus T w is nontrivial, fixes the generator [x] and then also x. In the derived affine plane at x each involution in T w fixes more than f points on K and also points off K , which is impossible. We know from 2.3 that the socle M of the group G induced by Γ on H is a regular abelian normal subgroup. So M is elementary abelian, and has order q = r e . LetR be a Sylow r -subgroup of Γ.
As r does not divide q − 1 = r e − 1, the groupR has trivial intersection with ∆, and induces a group R ∼ =R on H . As the regular normal subgroup M has order q = r e , we have M ≤ R, andR contains an elementary abelian r -groupM of order q acting regularly on H . In any case to be studied below, we will either show thatM acts trivially on the set of "horizontal" lines (parallel to H , corresponding to the circles touching K at ∞) or show thatM acts trivially on L ∞ (the line at infinity, whose points correspond to circles passing through ∞ and through o). AsM fixes no point of A ∞ , both observations yield thatM induces a group of translations of A ∞ . These translations fix the line H , so they are translations along H , i.e., their center is the point at infinity corresponding to the parallel class of H . Together with the group V of vertical translations contained in the elation group of L , these translations secure that the projective closure P ∞ is a translation plane. As the dual of P ∞ is a translation plane anyway (see 1.1), the assertion follows. We consider first the case where r = 2. As no involution inM fixes any point in A ∞ , we obtain that these involutions induce translations of A ∞ , cf. 1.3. Now assume that r is odd. If q is not the square of a Mersenne prime then there exists a Zsigmondy prime z for the field F q , i.e., a prime divisor z of q − 1 = r e − 1 such that every irreducible linear representation of a cyclic group of order z over F r has dimension e, and induces a semiregular action on the set of nonzero vectors. See [40] , cf. [35, Section 4]. As Γ acts two-transitively on H , the order of Γ is divisible by z, and there exists a cyclic subgroup Z of order z in Γ. If Z acts trivially on H then Z acts non-trivially on the additive group of the kernel F of the translation plane dual to P ∞ . As z is a Zsigmondy prime, we obtain F ∼ = F q , and (the dual of ) P ∞ is Desarguesian.
So assume that Z acts non-trivially on H . Then Z acts semi-regularly onM , and the set [Z ,M ] of commutators coincides withM . We study the action of Z on the line L ∞ at infinity for A ∞ . If Z acts trivially on L ∞ , thenM = [Z ,M ] also acts trivially on L ∞ . Now assume that Z acts non-trivially on L ∞ . We consider the action of the group ZM by conjugation on the quotient E ∞ /V ; that action is equivalent to the action on L ∞ {v} where v is the point at infinity belonging to the parallel class formed by the generators of L in A ∞ . The groupsM and E ∞ /V are r -groups. Therefore, the centralizer U ofM in E ∞ /V is not trivial. As a Z -module, the group E ∞ /V splits as a direct sum of irreducible modules (by Maschke's Theorem), and at least one of these is not trivial. Such a submodule has order q because z is a Zsigmondy prime. Thus E ∞ /V coincides with its non-trivial Z -submodule U . As U corresponds to the fixed points ofM on L ∞ {v}, we obtain again thatM acts trivially on L ∞ .
It remains to discuss the case where we do not have any Zsigmondy primes; as we have already dealt with the even order case, we then have that q is the square of a Mersenne prime r = 2 m − 1.
As q = r 2 divides the order of Γ 0 , we apply 1.1.3 and obtain that L is Miquelian.
Corollary. In P ∞ , let L ∞ denote the line at infinity for A ∞ , let u denote the point at infinity for H , and let v denote the point at infinity for the vertical lines (i.e., the generators). Let h be any point on H . Then the homology group
Proof. The plane P ∞ has Lenz type at least V by 3.2. Therefore, that plane is coordinatized by a semifield (division ring), see [16, 6.9] , and the homology groups in questions are isomorphic to multiplicative groups of the semi-nuclei of that semifield (see [16, 8.2] ). These semi-nuclei are skew fields in general, and have cyclic multiplicative groups in the finite case. If Z acts non-trivially on [∞] we consider the centralizer U ofM in E /E ∞ . As bothM and E /E ∞ are r -groups, the group U is not trivial. Since E /E ∞ acts regularly on [∞], the action of ZM by conjugation on E /E ∞ is equivalent to the action on [∞], and U corresponds to the set of fixed points ofM on [∞] . Now E /E ∞ is a non-trivial Z -module, there exists an irreducible Z -submodule, and that submodule coincides with E /E ∞ because Z is a Zsigmondy subgroup. The centralizer U is also a Z -submodule, and we obtain U = E /E ∞ . ThusM acts trivially on [∞], as claimed.
If there is no Zsigmondy prime we either have q = 2 6 (and this case is dealt with in 6.3 below), or q = r 2 with a Mersenne prime r = 2 m − 1. In the latter case L is Miquelian (1.1.3, see 6.3), and 1.2 applies.
3.5
Remark. An analogue of our result 3.2 has been proved by Ganley-Jha [11] : every finite translation plane with a group of automorphisms fixing one point x on the line L ∞ at infinity and acting two-transitively on L ∞ {x} is a semifield plane. See also [14] . 
Complements
We study the stabilizers Γ o and G o , respectively, for some point o ∈ H . Note that we have a semidirect product G = M G o where the action of G o by conjugation on M is linear over the prime field F r . The possibilities for G o are quite restricted, see Table 2 (compiled 1 from [17] and [13] , cp. [5] or [19, XII, 7.5] . Note that (after 4.1) only the cases with even q are relevant for the present section.
eligible q = r e reference, remarks Proof. After 4.1 and 1.2, it only remains to study the case where r = 2. In 3.1, we have shown that
The plane is then the Miquelian plane of order 4, and G ∼ = S 4 ∼ = AΓL(1, 4) ∼ = AGL(2, 2). Inspection of Table 2 leaves us with two cases that we exclude in the sequel; namely a normal subgroup isomorphic to G 2 (q) in G o , or G o ∼ = A m with m ∈ {6, 7} and q = 16.
The group G 2 ( f ) is the automorphism group of the (split) octonion algebra O f over F f . See [28] for an introduction of octonion algebras in the context of composition algebras, over arbitrary fields. The group G 2 ( f ) is also discussed in [38, 4.3] . The octonion algebra can be constructed by repeated doubling (cf. [28, 1.5.3]), starting from any two-dimensional composition algebra over F f . We start from the quadratic extension field F f 2 and find u ∈ O f such that u has trace 1 and generates a subalgebra F f (u) isomorphic to F f 2 . The stabilizer of u in G 2 ( f ) is then isomorphic to SU(3, f 2 ), cf. [38, 4.3.6] , and acts on the orthogonal complement a that gives rise to the semidirect product F 6a 2 G 2 (2 a ) acting two-transitively on 2 6a points. The action of the stabilizer of u on that quotient is equivalent to the action on U because the center of O f intersects U trivially. 1 Note that the list in [6, Table 7 .3] omits the semidirect product F 2 9 SL(2, 5)). The list in [10, Table 7 .1] gives wrong generators (surely, the matrix 0 −1 −1 0 has eigenvalue 1, and should not occur in a sharply transitive linear group). Deleting one of the minus signs in generator a as given in [10, [33] which involves a computer search -we give a direct argument here.) LetT be a Sylow 2-subgroup of Γ o . Since the order of ∆ K is odd, we see thatT acts faithfully on H , inducing a Sylow 2-subgroup T of G o . In particular, the group T is isomorphic to a dihedral group of order 8. Furthermore, T fixes at least 3 generators of L , and on each such generator at least 2 points. Hence, the collection of fixed points, fixed circles and fixed generators forms a Laguerre plane L T by 1.6.
Let σ be the central involution in T . Since σ induces a Baer involution in the derived plane at a fixed point, we see that the geometry L σ of fixed elements of σ is a Laguerre plane of order 4. Furthermore, L σ contains L T as a subplane. The group T centralizes σ and thus induces a group of automorphisms of L σ .
Each Laguerre plane of order 4 is Miquelian. In the full automorphism group of the Miquelian Laguerre plane of order 4 we find that the pointwise stabilizer of a subplane of order 2 is a group of order 2. Therefore, there must be a subgroup H of order 4 in T that fixes each point of L σ . Let x be a point moved by σ. Since L σ contains 4 3 > 16 circles, there must be at least two distinct circles of L σ that intersect [x] in the same point w. The intersection of these two circles is a set {w, w } of size at most 2, and invariant under H . But H has order 4 so that the stabilizer H w is nontrivial. We consider the projective closure P ∞ of the derived affine plane at ∞. The group H w fixes a Baer subplane B of P ∞ pointwise, and also the point w which lies outside B. This is impossible because B is a maximal subplane.
6 Describing circles in the case of even order Then
is an automorphism of A ∞ , for any v, z, w ∈ X . The set Ξ := {ξ v,z,w | v, z, w ∈ X } forms a nilpotent group of order q 3 , multiplication is given by ξ a,c,b ξ v,z,w = ξ v+a,z+c+b·v,w+b .
From 3.2 we know that Γ contains the groupM of translations along H . In the present description, we noteM = {ξ v,0,0 | v ∈ X } and E ∞ = {ξ 0,z,w | z, w ∈ X }, so Ξ = E ∞M is contained in Aut(L ). 
For each
Up to this point, we did not use our assumption that q is even. Now we apply this assumption to the last equation and obtain w v = 0 for each v = 0. Thus
In particular, the restriction f | V d is additive. As C touches K in o, the kernel of this additive map is trivial.
Corollary. If d is fixed byM then the map f d in 6.1 is an automorphism of (X , +).
Theorem. The coverM of the socle acts trivially on the generator [∞] if q is even.
Proof. Aiming at a contradiction, we assume that there exists 
Returning to the general case, we obtain f e (x) The information collected so far is far from sufficient to determine the Laguerre plane L . There are many candidates for f d ∈ Aut(X , +), and it is still conceivable that f d depends in a substantial way on d .
The Desarguesian case
By [8] a semifield plane that admits an autotopism group that is transitive on at least one side of the autotopism triangle is a generalized twisted field plane unless the order is 64. It readily follows from the description of generalized twisted fields (for example, see [3, §2] ) that a generalized twisted field of order 2 e cannot be proper when e is a prime number or the square of a prime number.
Indeed, the pre-semifield that leads to a generalized twisted field of order 2 e is described by two automorphisms of F 2 e , given as x → x A Desarguesian derivation restricts the possibilities for the Laguerre plane.
Theorem. If q is even and
Proof. By 6.3 we know thatM acts trivially on [∞] and 6.4 tells us that each circle not passing through ∞ comes from a translation oval in P ∞ . These ovals are known explicitly (see [25] and [15] ); we obtain: For each circle C touching K in o there is a field element a ∈ F q and a generator θ a of Aut(F q ) such that C [∞] = x ax θa | x ∈ F q . As θ a is a power of the Frobenius automorphism, there exists a positive integer m a < e such that x θ a = x 2 ma , and m a is relatively prime to e because θ a generates Aut(F q ). Mapping x to x θ a /x gives an endomorphism θ a − 1 of F × q . As θ a generates Aut(F q ), its field of fixed elements is the prime field F 2 . Therefore, the endomorphism θ a − 1 has trivial kernel, and is a bijection of F × q . Extending the usual representation of dual translation planes, a description of elation Laguerre planes in terms of a matrix-valued map was developed in [29, Theorem 3] . In particular, we know that the elation group E consists of all maps there exists γ ∈ F q such that αx θ α + βx θ β = γx θ γ for all x ∈ F q . As the exponents are less than q, that polynomial identity has to be trivial. We find θ α = θ β = θ γ and α + β = γ; in particular, the automorphism θ := θ α does not depend on α. Consequently, the traces of circles in L on A ∞ are of the form q . It is obvious from the action of E that ϕ is additive. Without loss of generality, we may thus assume ϕ = id, and we obtain that L is isomorphic to the ovoidal Laguerre plane over the translation oval in P ∞ whose trace in A ∞ is x x θ | x ∈ F q ; that oval's unique point at infinity corresponds to the parallel class of vertical lines (induced by generators of L ).
Corollary. If the order of L is q = 2
e where e is either a prime number or the square of a prime number, then L is ovoidal over a translation oval.
Remarks.
The smallest integer e > 1 which is neither a prime nor the square of a prime is e = 6, so the smallest unresolved case is q = 64. This is the exceptional case in [8] . The authors of [27] conducted a computer search for semifields of order 64. They found a total of 332 such semifields up to isotopism, falling into 80 orbits under an action of the symmetric group S 3 . However, only four of those 80 classes contain semifields admitting a transitive action of the autotopism group on at least one side of the autotopism triangle. These are represented by the field, the twisted field, Knuth's semifield (of type 5), and a previously unknown semifield (number XIV in their list), respectively. There remains the question whether sufficiently many translation ovals can be found in a plane over one of the latter three types. Some translation ovals in semifield planes were constructed by Jha and Wene, see [20] .
